
Math 592: Descriptive Set Theory
Lecture 2

2.Trees.

For awompty set A
,

we denote

A
<N

: = VA"
,

where we think of elements
MEN

of A as functions Nt A
,

where n: = 10
,

1,
..., n -13

.

This
,
A := (the unique function -A) = 303 ·

Since functions are techniquely net
of pairs

,

for s
,
- ASIit makes sense to write set

,
and this means that

the function + extends s
,

i
.

e
.

ISlIt) and S(i) = til for all iclsI
,
where

Ist demotes the size of the domain
,
called length of s.

For · AI and atA
,

we write so for the concatenation of with a
i

.

e . Isal = Islt) and Isalls) = s and Sulls)) = a. E a .

Similarly ,
fors

,
tEAN

,
we write st for S 1 t

'
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For A :=L= 70 , 13. Def . A subset TEAI is called a let-theoretic) tree

21N 에
if TO and closed downward wit I

,
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e

.
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여
set and tET

,
then SET

.

In particular ,
NET

ㅇ 1 ω
{ bene [FOl

.
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From a sut-theoretic tree T

,
we way

obtain a graph-theoretic
Initi;

"

taking T as the set of vertices and putting an edge -+ exactly
When t = sa or sitd for some atA . Conversely , given a free 6 := /V

,
E) with

a roofvo
,

we obtain a set Meoretic tree in on the base set V by putting
SETEVKIN くこ> s is a palk from vo to some veV . Note : Tax * T

.

:塔
.

1 …
… …,

v
.)



Infinite branches and closed subsets of A

For a tree T & A
,

let [T] denote the set of infinite branches though t, i
. e.

(i) : = 2 x AN : XInET FueING ? A
.

ㅇ
+ 있 "

.
Conversely , given YEAN ,

we get a tree :

ㆀ Tr : = (x (n : x + Y
,
nEIN)

.

Note But in is a premed free
,

i
. e .

for
every

set -tet will

以 !un, 4 tExample. If Y : = 301%: neI)
, Keu[v]= YU90%.

vsors .

We give A the discrete top .

In particular ,
AN is Polish <=7 A is utbl.

Thenthe cylinder rets: fo seASIN

(sia : = \xEAN : 'x*
taks with the words

↑
Note: is]A is open (i

. e .
Closed and open) bene it's open by the def

{

of product top and it is closed base LsSA is open :

"IAF. M
Is = Visit A

t 4 s

Di) theis a woulete coupctible refric d for AI .
d 1×

、 s: =xy
≤

Nrishe beait
s. t.xlu}≠ ylu)

[s]A
&This metric

, Bain(x) = [xIn3 . For each seAS
, ISTA is the ball

of radius 2"l centered atmny point of Isia (the realtor's metrich.

Prop . For any tree TEAS
,
[T] is closed

.
And for YEA

, [iv] = Y
.

Thus
,

a set Y : A is closed iff Y = <Tv]

Proof . It is clear Bet YECTr] by def
.

If xe[T+] Ken FuEN
, XueTy ,

:
.

e.

& yutY sit
. XIn = Yuln .

But the sets [xIn] form a neighbourhood Λ
basis at x so ya X and MusX.
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For a ctb1A
,
the

spaces A are perhaps the most important Polish spaces,

like I and INN
,
bene not only do they have a wish Polish zero-dim

topology (i . e . admit a basis of dopen nets)
,

but they also have combinatories.

Trees and compactness .
We already aw that closed subsets of Al are exactly

the sets of infinite branches through trees. But which of them are compacts

A tree T=A is called finitely branching if every set has only finitely

many
immediate extensions

,

i
. e

. La : Saet
, atA) is finite ,

i
. e . every vertex

has finity degree.

Konig's lenna.EvFinis brachigivide te TAN as
nor.g)

pruned

Prop.
For cyVtree TEAS , STD is compact <T is finitely branching

.
In particule ,

YEAN is compact <=> Tr is finitely breaching ,


